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• Chiral anomaly: axion 2-photon coupling
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• Two electromagnetic modes 


• Detection in a lower mass range 

• No applied DC magnetic field
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Twisted Anyon Cavity
• Twisted hollow structures 


• Chiral modes at microwave frequencies

x
y

v

x
yz

a b

R

v
1

2 3

✓

l

3l

x
y z

c S1

S2

S3

RESEARCH POSTER PRESENTATION TEMPLATE © 2019

www.PosterPresentations.com

Optimising Q-factors and minimising read-out amplitude modulation noise to conduct a search 
for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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In this work, we realise a new class of electromagnetic resonator, the anyon cavity resonator. 
It is based on twisted hollow structures which exhibit monochromatic bulk chiral modes at 
microwave frequencies. These modes have near unity helicity through a pure photonic 
magneto-electric coupling in vacuo. 

Twisted Waveguide with endcaps

The twisted anyon cavity comes in two forms. Both have 
mirror asymmetry, which implies chirality, and we can   

determine the helicity of the resonant modes using the 
normalised helicity formula. 
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• No need for cryogenics
• No need for external magnets
• Ability to use superconducting materials
• Sensitivity to mass ranges from DC and up
• Ability to use superconducting materials with cryogenics
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.

→  the emergence of non-degenerate   
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
is observed with twist. 
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Next Steps

Dynamic axion theta 
angle pseudoscalar Dynamic axion field

Chiral photon-axion 
coupling term

Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.

where SAam is the spectral density (per Hz) of amplitude modulation of the anyon cavity mode, ga�� , fa = !a
2⇡

is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.

This spectral density can be used to calculate the the signal to noise ratio below,
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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Optimising Q-factors and minimising read-out amplitude modulation noise to conduct a search 
for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.
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h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.
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two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
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separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
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• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.
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h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose
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E fields are plotted in figure 9) frequency match
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“axion-electromagnetic chiral anomaly” Lagrangian [1]. 
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conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:

x
y

v

x
yz

a b

R

v
1

2 3

✓

l

3l

x
y z

c S1

S2

S3

Twisted Anyon Cavity Resonators with Bulk Modes of Chiral Symmetry 
and Sensitivity to Ultra-Light Axion Dark Matter

J. F. Bourhill, E. C. I. Paterson, M. Goryachev, and M. E. Tobar
ARC Centre of Excellence for Engineered Quantum Systems and ARC Centre of Excellence for Dark matter Particle Physics, Department of Physics, University 

of Western Australia, 35 Stirling Hwy, 6009 Crawley, Western Australia.

References

Materials & Methods

Conclusion

Background & Motivation

[1] P Sikivie, Invisible axion search methods. Rev. Mod. Phys., 93 015004 (2021)
[2] C Caloz et al., IEEE Ant. And Prop. Mag. 62, 58-71 (2020)
[3] A.B Khanikaev et al., Nature Mat., 12 233-239 (2013)

In this work, we realise a new class of electromagnetic resonator, the anyon cavity resonator. 
It is based on twisted hollow structures which exhibit monochromatic bulk chiral modes at 
microwave frequencies. These modes have near unity helicity through a pure photonic 
magneto-electric coupling in vacuo. 

Twisted Waveguide with endcaps

The twisted anyon cavity comes in two forms. Both have 
mirror asymmetry, which implies chirality, and we can   

determine the helicity of the resonant modes using the 
normalised helicity formula. 
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• No need for cryogenics
• No need for external magnets
• Ability to use superconducting materials
• Sensitivity to mass ranges from DC and up
• Ability to use superconducting materials with cryogenics
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.

→  the emergence of non-degenerate   

x
y

v

x
yz

a b

R

v
1

2 3

✓

l

3l

x
y z

c S1

S2

S3

x
y

v

x
yz

a b

R

v
1

2 3

✓

l

3l

x
y z

c S1

S2

S3

→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
is observed with twist. 

“Anyon”

["#$]

Next Steps

Dynamic axion theta 
angle pseudoscalar Dynamic axion field

Chiral photon-axion 
coupling term

Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.

where SAam is the spectral density (per Hz) of amplitude modulation of the anyon cavity mode, ga�� , fa = !a
2⇡

is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.

This spectral density can be used to calculate the the signal to noise ratio below,

SNR =
ga���p|Hp|p

2(1 + �p)

Qpq
1 + 4Q2

p(
!a
!p

)2

(
106

t

!a
)

1

4
p

⇢ac3

!p
p

Sam
(4)

where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match

6

Helicity

Cavity 
frequency 
(1 GHz)

Q factor
Measurement 

time
(1 week)

Amplitude 
noise (-160 
dBcHz-1)

Microwave
Probe

Coupling

Axion 
Photon

Coupling

Axion 
Frequency

Cold dark 
matter density 
(8×10−22kgm-3)

Speed of 
light 

(3x108 ms-1)

A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 

arXiv:2208.01640v2

Excellent agreement 
is seen between 
simulations and 
experiment. 

Kramers partners (ψ±) for the photonic 
states [3].

simulation 
results. 
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ℒaγγ = gaγγa(t) ⃗E ⋅ ⃗B
Single electromagnetic mode 
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Transverse 
Electric (TE)

- =

=
ℋp =

2 Im [ ∫ B*p ( ⃗r) ⋅ E(
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∫ Ep( ⃗r) ⋅ E*p ( ⃗r)dτ ∫ Bp( ⃗r) ⋅ B*p ( ⃗r)dτ+
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Commercial Application
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Optimising Q-factors and minimising read-out amplitude modulation noise to conduct a search 
for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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In this work, we realise a new class of electromagnetic resonator, the anyon cavity resonator. 
It is based on twisted hollow structures which exhibit monochromatic bulk chiral modes at 
microwave frequencies. These modes have near unity helicity through a pure photonic 
magneto-electric coupling in vacuo. 

Twisted Waveguide with endcaps

The twisted anyon cavity comes in two forms. Both have 
mirror asymmetry, which implies chirality, and we can   

determine the helicity of the resonant modes using the 
normalised helicity formula. 

10-22 10-21 10-20 10-19 10-18 10-17 10-16 10-15 10-14 10-13 10-1210-19
10-18
10-17
10-16
10-15
10-14
10-13
10-12
10-11
10-10

μHz mHz Hz

Axion Mass (eV)

g a
γγ

(G
eV

-1
)

CAST
SN1987Aɣ

CMB Qp = 107

Qp = 109

Qp = 1011

Qp = 1013

• No need for cryogenics
• No need for external magnets
• Ability to use superconducting materials
• Sensitivity to mass ranges from DC and up
• Ability to use superconducting materials with cryogenics

C
allow

 C
. E

t al., IE
E

E
 A

nt. A
nd P

rop. M
ag. 62

60 (2020)

The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.

→  the emergence of non-degenerate   
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
is observed with twist. 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.

where SAam is the spectral density (per Hz) of amplitude modulation of the anyon cavity mode, ga�� , fa = !a
2⇡

is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.

This spectral density can be used to calculate the the signal to noise ratio below,
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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Optimising Q-factors and minimising read-out amplitude modulation noise to conduct a search 
for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:

x
y

v

x
yz

a b

R

v
1

2 3

✓

l

3l

x
y z

c S1

S2

S3

Twisted Anyon Cavity Resonators with Bulk Modes of Chiral Symmetry 
and Sensitivity to Ultra-Light Axion Dark Matter

J. F. Bourhill, E. C. I. Paterson, M. Goryachev, and M. E. Tobar
ARC Centre of Excellence for Engineered Quantum Systems and ARC Centre of Excellence for Dark matter Particle Physics, Department of Physics, University 

of Western Australia, 35 Stirling Hwy, 6009 Crawley, Western Australia.

References

Materials & Methods

Conclusion

Background & Motivation

[1] P Sikivie, Invisible axion search methods. Rev. Mod. Phys., 93 015004 (2021)
[2] C Caloz et al., IEEE Ant. And Prop. Mag. 62, 58-71 (2020)
[3] A.B Khanikaev et al., Nature Mat., 12 233-239 (2013)

In this work, we realise a new class of electromagnetic resonator, the anyon cavity resonator. 
It is based on twisted hollow structures which exhibit monochromatic bulk chiral modes at 
microwave frequencies. These modes have near unity helicity through a pure photonic 
magneto-electric coupling in vacuo. 

Twisted Waveguide with endcaps

The twisted anyon cavity comes in two forms. Both have 
mirror asymmetry, which implies chirality, and we can   

determine the helicity of the resonant modes using the 
normalised helicity formula. 
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.
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is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.

This spectral density can be used to calculate the the signal to noise ratio below,
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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Optimising Q-factors and minimising read-out amplitude modulation noise to conduct a search 
for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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In this work, we realise a new class of electromagnetic resonator, the anyon cavity resonator. 
It is based on twisted hollow structures which exhibit monochromatic bulk chiral modes at 
microwave frequencies. These modes have near unity helicity through a pure photonic 
magneto-electric coupling in vacuo. 

Twisted Waveguide with endcaps

The twisted anyon cavity comes in two forms. Both have 
mirror asymmetry, which implies chirality, and we can   

determine the helicity of the resonant modes using the 
normalised helicity formula. 
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.
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separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
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• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.
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h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.

→  the emergence of non-degenerate   
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
is observed with twist. 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.

where SAam is the spectral density (per Hz) of amplitude modulation of the anyon cavity mode, ga�� , fa = !a
2⇡

is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.

This spectral density can be used to calculate the the signal to noise ratio below,
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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Optimising Q-factors and minimising read-out amplitude modulation noise to conduct a search 
for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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In this work, we realise a new class of electromagnetic resonator, the anyon cavity resonator. 
It is based on twisted hollow structures which exhibit monochromatic bulk chiral modes at 
microwave frequencies. These modes have near unity helicity through a pure photonic 
magneto-electric coupling in vacuo. 

Twisted Waveguide with endcaps

The twisted anyon cavity comes in two forms. Both have 
mirror asymmetry, which implies chirality, and we can   

determine the helicity of the resonant modes using the 
normalised helicity formula. 
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.
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→  E & B no longer remaining perpendicular within the one photonic mode.

• Coupling strength and 
hence frequency 
separation between these 
modes increases with 
twist angle.

• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 

• The resonator cross-section must be regular to 
make the two untwisted polarisation modes 
coincident. 

• There is no coupling between the TE & TM 
modes for ∅=0°. 

• An avoided level crossing between eigenmodes 
is observed with twist. 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.

where SAam is the spectral density (per Hz) of amplitude modulation of the anyon cavity mode, ga�� , fa = !a
2⇡

is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.

This spectral density can be used to calculate the the signal to noise ratio below,
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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A rectangular cross-section ring resonator will display Fermion-Boson symmetry for twist 
angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
rotational symmetry. Any θ is possible in the linear twisted waveguide, hence the name anyon 
cavity.

Results
To estimate sensitivity, the SNR to a dark matter axion is given by; 
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for ultra-light dark matter 

To detect the dark matter candidate the axion, a non-zero E·B product is required by the 
“axion-electromagnetic chiral anomaly” Lagrangian [1]. 

The ultra-light dark matter (ULDM) range, 10-22 to 10-14 eV, has been off-limits for 
conventional detection methods using photonic modes and DC magnetic fields due to the 
unreasonable sizes of resonant device required for such low frequencies.
If one could achieve a non-zero E.B product within a single resonant mode, the following 
advantages would be achieved:
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magneto-electric coupling in vacuo. 
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The coupling to low-mass axions occurs through 
the axion modifications to Maxwell’s equations   
adding electromagnetic chirality, with the 

estimate of the possible sensitivity limits 
detailed below;

• Simulation results predict the majority 
of eigenmodes tuning in frequency as 
twist angle (∅) is increased, with a 
corresponding increase in helicity.

• The generated helicity arises from 
two factors:

(i) a magneto-electric coupling resulting 
from the mirror-asymmetry (chirality) 
of the electromagnetic radiation 
inside such a twisted resonator [2].

(ii) approximately equal in-plane 
propagation constants between 
orthogonal transverse electric (TE) 
and transverse magnetic (TM) 
modes.
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→  E & B no longer remaining perpendicular within the one photonic mode.
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hence frequency 
separation between these 
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• The resonant modes of 
the 3D printed waveguide 
resonators for three 
different twist angles are 
compared to 

• Frequency and helicity for the ψ± modes as one 
vertex length is changed by factor " for ∅=360°, 
and the untwisted polarisation basis frequencies 
(TE111 & TM110) at ∅=0°. 
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Figure 5: Eigenfrequencies of resonant modes in the triangular waveguide resonator with helicity as colour

Figure 6: The slow modulation on top of the cavity oscillating signal in the time domain depicting the axion
modulated signal and the anyon cavity oscillating signal.
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is the axion frequency, !a = mac2

h̄ , �p is the coupling, Qp is the mode Q-factor, Hp is the mode helicity, and
SA(f) is the spectral density of the axion field.
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where Sam is the amplitude noise spectral density of the pump oscillator, t is the measurement time, and ⇢a is
the dark matter density at the earth, and c is the speed of light.

This equation demonstrates that with increased helicity and Qp the sensitivity of the cavity can be
improved given !a ⌧ !p.

Estimates of the sensitivity this experiment could reach can be seen in figure 7. The diagram clearly
demonstrates that for the low-mass axion range the anyon cavity offers greater axion-photon coupling strength
and hence sensitivity compared to the limits set by astronomical observations in this mass range. Also demon-
strated is how this strength is further increased the higher the cavity Q-value.

The QDM labs already possessed a flexible rectangular waveguide which could be used for experimental
measurements. The flexible nature of this waveguide allowed measurements to be taken across not just discrete
angles but across a wide range of angles. The simulation of helicity and eigenfrequency vs twist angle has been
conducted using Finite Element Modeling (FEM) software and can be seen in figure 8. Further investigation
is required into these results as they have a number of unusual features which is another motivation to do this
experiment. Also notably due to a higher order mode, (whose

�!
E fields are plotted in figure 9) frequency match
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angles of 180° or 0° respectively. With a triangular cross-section the cavity will display Anyon 
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To estimate sensitivity, the SNR to a dark matter axion is given by; 
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Twisted Anyon Cavity

Callow C. Et al., IEEE Ant. And Prop. Mag. 62 60 (2020)

ℒaγγ = gaγγa(t) ⃗E ⋅ ⃗B

• New orthogonality basis 


• Single electromagnetic mode
• Magneto-electric coupling:
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Twisted Anyon Cavity

Callow C. Et al., IEEE Ant. And Prop. Mag. 62 60 (2020)

ℒaγγ = gaγγa(t) ⃗E ⋅ ⃗B

• New orthogonality basis 


• Single electromagnetic mode
• Magneto-electric coupling:

ℋp =
2 Im [ ∫ B*p ( ⃗r) ⋅ E(

p ⃗r)dτ]
∫ Ep( ⃗r) ⋅ E*p ( ⃗r)dτ ∫ Bp( ⃗r) ⋅ B*p ( ⃗r)dτ

18.0

H

 �

Fr
eq

ue
nc

y [
GH

z]

18.5

17.5

17.0

-360 -240 -120 0 120 240 360𝛳 [deg]

10-1
Helicity

-����
-����
-����
� ����
����
����

a

A

E

C

G

D

B

F

 +

0.5 1.0
⍺

1.5

0

14

26

He
lic

ity

Frequency [GHz]

-1

1

20

0.6 0.8 1.0 1.2 1.4
12

14

16

18

20

22

24

26

��� ��� ��� ��� ���
-���

-���

���

���

���

α

�
��
��
���

f360�

 +

f0�

TM110

f0�

TE111

H
360�

 +

H
360�

 �

f150�

 �

f360�

 �

f150�

 +

v v

⍺v

b 

 �

-���-��� -�� � �� ��� ���
�

��

θ [���]

��
����
�
[%

] -���-��� -�� � �� ��� ���
�

��

���

θ [���]

��
����
�
[%

]

-360 0 360𝛳 [deg]

Fi
llin

g 
[%

]

100

100

0
~E?

~Ez

~Bz

~B?

50

d

� �� ��� ��� ��� ��� ���
-�

-���

�

���

�

θ [���]

��
���
���

He
lic

ity

1

0

-1 0 180𝛳 [deg]
360

 �

 +

0�

5�

60�

360�

A

B

E

F

C

 �  +

G

BzEz BzEz

HD

~B?

~E?
-0.01 0.010
[(Jm�3)1/2]

c e 

18.0

H

 �

Fr
eq

ue
nc

y [
GH

z]

18.5

17.5

17.0

-360 -240 -120 0 120 240 360𝛳 [deg]

10-1
Helicity

-����
-����
-����
� ����
����
����

a

A

E

C

G

D

B

F

 +

0.5 1.0
⍺

1.5

0

14

26

He
lic

ity

Frequency [GHz]

-1

1

20

0.6 0.8 1.0 1.2 1.4
12

14

16

18

20

22

24

26

��� ��� ��� ��� ���
-���

-���

���

���

���

α

�
��
��
���

f360�

 +

f0�

TM110

f0�

TE111

H
360�

 +

H
360�

 �

f150�

 �

f360�

 �

f150�

 +

v v

⍺v

b 

 �

-���-��� -�� � �� ��� ���
�

��

θ [���]

��
����
�
[%

] -���-��� -�� � �� ��� ���
�

��

���

θ [���]

��
����
�
[%

]

-360 0 360𝛳 [deg]
Fi

llin
g 

[%
]

100

100

0
~E?

~Ez

~Bz

~B?

50

d

� �� ��� ��� ��� ��� ���
-�

-���

�

���

�

θ [���]

��
���
���

He
lic

ity

1

0

-1 0 180𝛳 [deg]
360

 �

 +

0�

5�

60�

360�

A

B

E

F

C

 �  +

G

BzEz BzEz

HD

~B?

~E?
-0.01 0.010
[(Jm�3)1/2]

c e 

18.0

H

 �

Fr
eq

ue
nc

y [
GH

z]

18.5

17.5

17.0

-360 -240 -120 0 120 240 360𝛳 [deg]

10-1
Helicity

-����
-����
-����
� ����
����
����

a

A

E

C

G

D

B

F

 +

0.5 1.0
⍺

1.5

0

14

26

He
lic

ity

Frequency [GHz]
-1

1

20

0.6 0.8 1.0 1.2 1.4
12

14

16

18

20

22

24

26

��� ��� ��� ��� ���
-���

-���

���

���

���

α

�
��
��
���

f360�

 +

f0�

TM110

f0�

TE111

H
360�

 +

H
360�

 �

f150�

 �

f360�

 �

f150�

 +

v v

⍺v

b 

 �

-���-��� -�� � �� ��� ���
�

��

θ [���]

��
����
�
[%

] -���-��� -�� � �� ��� ���
�

��

���

θ [���]

��
����
�
[%

]

-360 0 360𝛳 [deg]

Fi
llin

g 
[%

]

100

100

0
~E?

~Ez

~Bz

~B?

50

d

� �� ��� ��� ��� ��� ���
-�

-���

�

���

�

θ [���]

��
���
���

He
lic

ity

1

0

-1 0 180𝛳 [deg]
360

 �

 +

0�

5�

60�

360�

A

B

E

F

C

 �  +

G

BzEz BzEz

HD

~B?

~E?
-0.01 0.010
[(Jm�3)1/2]

c e 



Annealing

pre-annealingpost-annealing

• Baked at   for   hours in air500∘C 2



Berry Phase Generation
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Results
Principles
The discussion starts with the optical polarization states in an ideal 
Möbius strip, in which the strip thickness T is much smaller than the 
strip width W (Fig. 1). Considering linearly polarized light resonating 
in the Möbius-strip waveguide, the optical electric field is guided and 
forced to remain in the plane of the twisted strip. Such a twisted-strip 
waveguide functions similarly to some free-space optical components, 
such as a half-wave plate1 or a Dove prism32, which affect the orientation 
of the polarization states. As a result, the polarization continuously 
re-orients along the twisted strip during propagation, which we term 
the ‘in-plane’ (IP) mode. The IP mode represents an adiabatic cyclic 
evolution of linearly polarized light in a smoothly curved waveguide. 
The acquired phase factor of the light wave can be divided into two 
parts, the dynamic phase and the Berry phase (alternatively called 
the geometric phase). The dynamic phase reflects the system’s evolu-
tion in time, which is determined by the optical path and the system’s 
curvature. In contrast, the Berry phase memorizes the evolution path 
in the parameter space, which is independent of the dynamic phase. 
Using a phenomenological model, the occurrence of Berry phase in 
a Möbius strip can be directly visualized by the parallel transport of 
a vector along the twisted strip. For reference, we investigate a com-
parable 3D ring cavity (‘curved strip’) with the same curvature as that 
of a Möbius strip but without the Möbius topology (Supplementary 
Fig. 1 and Supplementary Note 1). In contrast to the one-sided Möbius 
strip with a single surface, the curved strip is topologically identical 

scatterers21, which show great potential for on-chip integrated topo-
logical photonic devices.

The Möbius strip22—a fascinating loop structure well-known 
for its one-sided topology—also symbolizes the topological twist 
of the band structure in topological insulators23. The Möbius topol-
ogy plays important roles in multiple disciplines, ranging from the 
generation of symmetry-breaking Möbius soliton modes in a mag-
netic medium24 to the extraordinary behaviour of electronic waves 
in Möbius aromaticity25 and twisted semiconductor strips26, as well 
as anomalous plasmon modes formed in metallic Möbius nanostruc-
tures27. To impose the Möbius topology on photons, the optical field 
is twisted by liquid-crystal q-plates as cavity-free systems28. However, 
investigating the topological phenomena of light resonating in a real 
Möbius-structured cavity remains highly desirable. Very recently, a 
Möbius-strip cavity composed of a twisted dielectric strip was explored 
as a platform for the investigation of non-Euclidean optics29. However, 
the optical Berry phase, the key topological phenomenon, has not 
been experimentally demonstrated, although the existence of a Berry 
phase in a Möbius cavity was theoretically predicted a long time ago30,31. 
Theoretical studies have shown the occurrence of Berry phase π in an 
ideal Möbius-strip cavity, resulting in constructive self-interference 
of half-integer number modes (that is, accommodating half-integer 
numbers of wavelengths) in a closed-path trajectory30. The half-integer 
number of wavelengths, which has a purely topological origin, con-
tradicts the well-known resonant condition in conventional optical 
or plasmonic cavities.

The topological behaviour of circulating light in Möbius-strip 
waveguiding systems has not yet been explored experimentally, pre-
venting achieving new insights into observable optical phenomena for 
topology-based signal processing and communications. In this Article 
we report the experimental observation of optical Berry phases occur-
ring in Möbius-strip microcavities with tailored cross-sectional geom-
etry. In contrast to previous theoretical predictions, where only phase 
π occurs, here we observe and reveal programmable Berry phases 
ranging from π to 0 for resonant light waves with linear to elliptical 
polarization, in carefully designed Möbius-strip resonators. As the 
quantum holonomy, the Berry phase generated in a compact opti-
cal Möbius system is particularly promising for geometric quantum 
mechanics and its applications, such as simulation, metrology, sensing 
and computation.

Linear
+45°

Circular

Linear
+45°

Circular
W T

Möbius strip Vector flip Curved strip

φB = π φB = 0

Fig. 1 | Berry phase occurring in Möbius- and curved-strip microcavities. 
Top: parallel transport of a vector along Möbius- and curved-strip cavities leads 
to a vector flip (occurrence of Berry phase π, dashed violet ellipse) and vector 
match (no Berry phase), respectively. Bottom: corresponding vector transport 
evolution on the Poincaré sphere with/without solid angle for the Möbius/
curved strips.
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N = 116
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z

|Emax|0 |Emax|0
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Curved stripMöbius strip

H HV V

Fig. 2 | Optical resonant modes with and without Berry phase in Möbius- and 
curved-strip cavities. a,b, SEM images (top) of fabricated Möbius- (a) and 
curved-strip (b) cavities of the same size. Scale bars, 5 µm. The simulated optical-
mode profiles (bottom) indicate that the polarization orientation of the resonant 
light rotates along the strip structure, generating the Berry phase. The presence/
absence of the Berry phase leads to electric-field patterns with odd/even 
numbers of antinodes (cases with N = 115 and 116 are shown as examples) in the 
Möbius-/curved-strip microcavities. Insets: magnified images of the electric field 
at the vertical (V, where the strip is perpendicular to the substrate) and horizontal 
(H, where the strip is in parallel with the substrate) sites. Black arrows indicate the 
local polarization, revealing the rotation of the electric-field orientation along 
the cavities.
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Waveguide Configuration
• G-factor and Q-factor are related

Q = ωU
Pc

Q =
ωμ ∫V |H |2 dv

RS ∫S |H |2 ds

G =
ωμ ∫V |H |2 dv

∫S |H |2 ds



Twistable Rectangular Resonator
<latexit sha1_base64="bulrlanc5ao1Epn5ppm8NGBQtVw=">AAAB8HicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4MrKRbutDQdjdt14Rs+BVePGiMV3+ON/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDPz209UaRbJezOJqS/wULKQEWys9HBRcx97hCnSL5XdijsHWiVeRsqQodEvffUGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzgKTq1ygCFkbIlDZqrvydSLLSeiMB2CmxGetmbif953cSEV37KZJwYKsliUZhwZCI0+x4NmKLE8IklmChmb0VkhBUmxmZUsCF4yy+vktZ5xatVqnfVcv06iyMPx3ACZ+DBJdThFhrQBAICnuEV3hzlvDjvzseiNedkM0fwB87nD96fj9E=</latexit>

360�
<latexit sha1_base64="/JPb8n/cYW8iqxwgMXS5ZRpogNw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUdh97jCvWL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m587JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U4GXCEzYmIJZYrbWwkbUUWZsQmVbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP/J4j1Q=</latexit>

0�

<latexit sha1_base64="WmIglN8ASR//pIzr8w3gA3TyS1s=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4sexKUY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj26nfeqLasEQ+2LGiocADyWJGsHVSqykes/Ng0iuV/Yo/A1omQU7KkKPeK311+wlJBZWWcGxMJ/CVDTOsLSOcTord1FCFyQgPaMdRiQU1YTY7d4JOndJHcaJdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMalSSyWZL4pTjmyCpr+jPtOUWD52BBPN3K2IDLHGxLqEii6EYPHlZdK8qASXlep9tVy7yeMowDGcwBkEcAU1uIM6NIDACJ7hFd485b14797HvHXFy2eO4A+8zx/U7o9A</latexit>

V m�1

a b



Twistable Rectangular Resonator - 
Simulation
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Twistable Rectangular Resonator - 
Experimental Set-up

a b



Twistable Rectangular Resonator
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<latexit sha1_base64="o3X4jMjYwrjF37Kcdhy7hgGlOe4=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRZBEEpSSx+7ohuXFewD2umQSTNtaOZBkhHK2IW/4saFIm79DXf+jZm2gooeuHA4517uvceNBFcaoQ9raXlldW09s5Hd3Nre2c3t7bdUGEvKmjQUoey4RDHBA9bUXAvWiSQjvitY2x1fpn77lknFw+BGTyJm+2QYcI9Too3k5A49J+lFivfPpv3kvIT6PcolnTq5PCoghDDGMCW4UkaG1GrVIq5CnFoGebBAw8m99wYhjX0WaCqIUl2MIm0nRGpOBZtme7FiEaFjMmRdQwPiM2Uns/un8MQoA+iF0lSg4Uz9PpEQX6mJ75pOn+iR+u2l4l9eN9Ze1U54EMWaBXS+yIsF1CFMw4ADLhnVYmIIoZKbWyEdEUmoNpFlTQhfn8L/SatYwOVC6bqUr18s4siAI3AMTgEGFVAHV6ABmoCCO/AAnsCzdW89Wi/W67x1yVrMHIAfsN4+Acrllfw=</latexit>

f340�

 +

<latexit sha1_base64="GdIyf8YSOXlMPNO79Gwg/Mco/Gw=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRbBjUNmOrR1V3TjsoJ9QB9DJs20oZkHSUYoYxf+ihsXirj1N9z5N2baCip64MLhnHu59x4v5kwqhD6MpeWV1bX13EZ+c2t7Z7ewt9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW98mfmtWyoki8IbNYlpL8DDkPmMYKUlt3Dou2k3lqx/Nu2nJQf1u4QJMnULRWSeV8u2U4bIRKhi2VZG7IpTcqCllQxFsEDdLbx3BxFJAhoqwrGUHQvFqpdioRjhdJrvJpLGmIzxkHY0DXFAZS+d3T+FJ1oZQD8SukIFZ+r3iRQHUk4CT3cGWI3kby8T//I6ifKrvZSFcaJoSOaL/IRDFcEsDDhgghLFJ5pgIpi+FZIRFpgoHVleh/D1KfyfNG3TKpvOtVOsXSziyIEjcAxOgQUqoAauQB00AAF34AE8gWfj3ng0XozXeeuSsZg5AD9gvH0C4SCWCg==</latexit>

f340�

 �

<latexit sha1_base64="NcIfSYuVxcIyZCH4es1ylAokUqk="></latexit>

H
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H
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<latexit sha1_base64="o3X4jMjYwrjF37Kcdhy7hgGlOe4=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRZBEEpSSx+7ohuXFewD2umQSTNtaOZBkhHK2IW/4saFIm79DXf+jZm2gooeuHA4517uvceNBFcaoQ9raXlldW09s5Hd3Nre2c3t7bdUGEvKmjQUoey4RDHBA9bUXAvWiSQjvitY2x1fpn77lknFw+BGTyJm+2QYcI9Too3k5A49J+lFivfPpv3kvIT6PcolnTq5PCoghDDGMCW4UkaG1GrVIq5CnFoGebBAw8m99wYhjX0WaCqIUl2MIm0nRGpOBZtme7FiEaFjMmRdQwPiM2Uns/un8MQoA+iF0lSg4Uz9PpEQX6mJ75pOn+iR+u2l4l9eN9Ze1U54EMWaBXS+yIsF1CFMw4ADLhnVYmIIoZKbWyEdEUmoNpFlTQhfn8L/SatYwOVC6bqUr18s4siAI3AMTgEGFVAHV6ABmoCCO/AAnsCzdW89Wi/W67x1yVrMHIAfsN4+Acrllfw=</latexit>

f340�

 +

<latexit sha1_base64="GdIyf8YSOXlMPNO79Gwg/Mco/Gw=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRbBjUNmOrR1V3TjsoJ9QB9DJs20oZkHSUYoYxf+ihsXirj1N9z5N2baCip64MLhnHu59x4v5kwqhD6MpeWV1bX13EZ+c2t7Z7ewt9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW98mfmtWyoki8IbNYlpL8DDkPmMYKUlt3Dou2k3lqx/Nu2nJQf1u4QJMnULRWSeV8u2U4bIRKhi2VZG7IpTcqCllQxFsEDdLbx3BxFJAhoqwrGUHQvFqpdioRjhdJrvJpLGmIzxkHY0DXFAZS+d3T+FJ1oZQD8SukIFZ+r3iRQHUk4CT3cGWI3kby8T//I6ifKrvZSFcaJoSOaL/IRDFcEsDDhgghLFJ5pgIpi+FZIRFpgoHVleh/D1KfyfNG3TKpvOtVOsXSziyIEjcAxOgQUqoAauQB00AAF34AE8gWfj3ng0XozXeeuSsZg5AD9gvH0C4SCWCg==</latexit>

f340�

 �

<latexit sha1_base64="NcIfSYuVxcIyZCH4es1ylAokUqk="></latexit>
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<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

Square Resonator
<latexit sha1_base64="kVFQmv86P4KHUPpsi7Z/EINPAts=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYCsIQkmCqMuiGzdChb6gDWEynbRDJ5MwM1FKzKe4caGIW7/EnX/jpM1CWw9c7uGce5k7x48Zlcqyvo2V1bX1jc3SVnl7Z3dv36wcdGSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT25yv/tAhKQRb6lpTNwQjTgNKEZKS55ZqbXuvNSxs7O8205W88yqVbdmgMvELkgVFGh65tdgGOEkJFxhhqTs21as3BQJRTEjWXmQSBIjPEEj0teUo5BIN52dnsETrQxhEAldXMGZ+nsjRaGU09DXkyFSY7no5eJ/Xj9RwZWbUh4ninA8fyhIGFQRzHOAQyoIVmyqCcKC6lshHiOBsNJplXUI9uKXl0nHqdsX9fN7p9q4LuIogSNwDE6BDS5BA9yCJmgDDB7BM3gFb8aT8WK8Gx/z0RWj2DkEf2B8/gD1n5KF</latexit>

TM21 + TM12
<latexit sha1_base64="R7FupWiRTyBS7Sn2JDMvYbrHMwo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYCsIQkmCqMuiCC4r9AVtCJPppB06mYSZiVJiPsWNC0Xc+iXu/BsnbRbaeuByD+fcy9w5fsyoVJb1baysrq1vbJa2yts7u3v7ZuWgI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/cpP73QciJI14S01j4oZoxGlAMVJa8sxKrXXrpY6VneXdcrKaZ1atujUDXCZ2QaqgQNMzvwbDCCch4QozJGXftmLlpkgoihnJyoNEkhjhCRqRvqYchUS66ez0DJ5oZQiDSOjiCs7U3xspCqWchr6eDJEay0UvF//z+okKrtyU8jhRhOP5Q0HCoIpgngMcUkGwYlNNEBZU3wrxGAmElU6rrEOwF7+8TDpO3b6on9871cZ1EUcJHIFjcApscAka4A40QRtg8AiewSt4M56MF+Pd+JiPrhjFziH4A+PzB9mqknM=</latexit>

TE20 + TE02

10-1 40-4~B?

~E?
<latexit sha1_base64="o9XnwDLWw+KKeHqnfckgK1blbDU=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXbgaL4MYyI6JuxKoblxXsBdqxZNK0DU0yIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnEgyqo3vfzuZufmFxaXssruyura+kdvcqug4UZiUccxiVYuQJowKUjbUMFKTiiAeMVKNelfDvHpPlKaxuDV9SUKOOoK2KUbGWtULfpceBINmLu8X/JG8WQgmkD//cM/k25dbauY+G60YJ5wIgxnSuh740oQpUoZiRgZuI9FEItxDHVK3KBAnOkxH4w68Peu0vHas7BPGG7m/O1LEte7zyFZyZLp6Ohua/2X1xLRPw5QKmRgi8PijdsI8E3vD3b0WVQQb1reAsKJ2Vg93kULY2Au59gjB9MqzUDksBMeFoxs/X7yEsbKwA7uwDwGcQBGuoQRlwNCDB3iCZ0c6j86L8zouzTiTnm34I+f9BxQykmg=</latexit>

Am�1
<latexit sha1_base64="WmIglN8ASR//pIzr8w3gA3TyS1s=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4sexKUY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj26nfeqLasEQ+2LGiocADyWJGsHVSqykes/Ng0iuV/Yo/A1omQU7KkKPeK311+wlJBZWWcGxMJ/CVDTOsLSOcTord1FCFyQgPaMdRiQU1YTY7d4JOndJHcaJdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMalSSyWZL4pTjmyCpr+jPtOUWD52BBPN3K2IDLHGxLqEii6EYPHlZdK8qASXlep9tVy7yeMowDGcwBkEcAU1uIM6NIDACJ7hFd485b14797HvHXFy2eO4A+8zx/U7o9A</latexit>

V m�1

<latexit sha1_base64="Dbv9x29gzbJyERzp/iIc7FAWjJg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJP57SeqNJPi3kxi6kd4KFjICDZWavVizR7O+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupwBHVfjq7dopOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRy8T/vG5iwis/ZSJODBVkvihMODISZa+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6r3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAIzzDK7w50nlx3p2PeWvByWcO4Q+czx9EZI7w</latexit>

 +
<latexit sha1_base64="mI7QPgLAj7Ysx7U9S5jMqSZIZ+8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsn89hNVmklxbyYx9SM8FCxkBBsrtXqxZg9n/XLFrbozoGXi5aQCORr98ldvIEkSUWEIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVU4IhqP51dO0UnVhmgUCpbwqCZ+nsixZHWkyiwnRE2I73oZeJ/Xjcx4ZWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/jyMmmdV72Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmkDgEZ7hFd4c6bw4787HvLXg5DOH8AfO5w9HbI7y</latexit>

 �

<latexit sha1_base64="kVFQmv86P4KHUPpsi7Z/EINPAts=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYCsIQkmCqMuiGzdChb6gDWEynbRDJ5MwM1FKzKe4caGIW7/EnX/jpM1CWw9c7uGce5k7x48Zlcqyvo2V1bX1jc3SVnl7Z3dv36wcdGSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT25yv/tAhKQRb6lpTNwQjTgNKEZKS55ZqbXuvNSxs7O8205W88yqVbdmgMvELkgVFGh65tdgGOEkJFxhhqTs21as3BQJRTEjWXmQSBIjPEEj0teUo5BIN52dnsETrQxhEAldXMGZ+nsjRaGU09DXkyFSY7no5eJ/Xj9RwZWbUh4ninA8fyhIGFQRzHOAQyoIVmyqCcKC6lshHiOBsNJplXUI9uKXl0nHqdsX9fN7p9q4LuIogSNwDE6BDS5BA9yCJmgDDB7BM3gFb8aT8WK8Gx/z0RWj2DkEf2B8/gD1n5KF</latexit>

TM21 + TM12
<latexit sha1_base64="R7FupWiRTyBS7Sn2JDMvYbrHMwo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYCsIQkmCqMuiCC4r9AVtCJPppB06mYSZiVJiPsWNC0Xc+iXu/BsnbRbaeuByD+fcy9w5fsyoVJb1baysrq1vbJa2yts7u3v7ZuWgI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/cpP73QciJI14S01j4oZoxGlAMVJa8sxKrXXrpY6VneXdcrKaZ1atujUDXCZ2QaqgQNMzvwbDCCch4QozJGXftmLlpkgoihnJyoNEkhjhCRqRvqYchUS66ez0DJ5oZQiDSOjiCs7U3xspCqWchr6eDJEay0UvF//z+okKrtyU8jhRhOP5Q0HCoIpgngMcUkGwYlNNEBZU3wrxGAmElU6rrEOwF7+8TDpO3b6on9871cZ1EUcJHIFjcApscAka4A40QRtg8AiewSt4M56MF+Pd+JiPrhjFziH4A+PzB9mqknM=</latexit>

TE20 + TE02

10-1 40-4~B?

~E?
<latexit sha1_base64="o9XnwDLWw+KKeHqnfckgK1blbDU=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXbgaL4MYyI6JuxKoblxXsBdqxZNK0DU0yIckIZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnEgyqo3vfzuZufmFxaXssruyura+kdvcqug4UZiUccxiVYuQJowKUjbUMFKTiiAeMVKNelfDvHpPlKaxuDV9SUKOOoK2KUbGWtULfpceBINmLu8X/JG8WQgmkD//cM/k25dbauY+G60YJ5wIgxnSuh740oQpUoZiRgZuI9FEItxDHVK3KBAnOkxH4w68Peu0vHas7BPGG7m/O1LEte7zyFZyZLp6Ohua/2X1xLRPw5QKmRgi8PijdsI8E3vD3b0WVQQb1reAsKJ2Vg93kULY2Au59gjB9MqzUDksBMeFoxs/X7yEsbKwA7uwDwGcQBGuoQRlwNCDB3iCZ0c6j86L8zouzTiTnm34I+f9BxQykmg=</latexit>

Am�1
<latexit sha1_base64="WmIglN8ASR//pIzr8w3gA3TyS1s=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4sexKUY9FLx4r2A9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj26nfeqLasEQ+2LGiocADyWJGsHVSqykes/Ng0iuV/Yo/A1omQU7KkKPeK311+wlJBZWWcGxMJ/CVDTOsLSOcTord1FCFyQgPaMdRiQU1YTY7d4JOndJHcaJdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMalSSyWZL4pTjmyCpr+jPtOUWD52BBPN3K2IDLHGxLqEii6EYPHlZdK8qASXlep9tVy7yeMowDGcwBkEcAU1uIM6NIDACJ7hFd485b14797HvHXFy2eO4A+8zx/U7o9A</latexit>

V m�1

<latexit sha1_base64="Dbv9x29gzbJyERzp/iIc7FAWjJg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJP57SeqNJPi3kxi6kd4KFjICDZWavVizR7O+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupwBHVfjq7dopOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRy8T/vG5iwis/ZSJODBVkvihMODISZa+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6r3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAIzzDK7w50nlx3p2PeWvByWcO4Q+czx9EZI7w</latexit>

 +
<latexit sha1_base64="mI7QPgLAj7Ysx7U9S5jMqSZIZ+8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Zsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsn89hNVmklxbyYx9SM8FCxkBBsrtXqxZg9n/XLFrbozoGXi5aQCORr98ldvIEkSUWEIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVU4IhqP51dO0UnVhmgUCpbwqCZ+nsixZHWkyiwnRE2I73oZeJ/Xjcx4ZWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/jyMmmdV72Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmkDgEZ7hFd4c6bw4787HvLXg5DOH8AfO5w9HbI7y</latexit>

 �


